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Oscillation a d nonoscillation criteria for the nth order nonlinear functional dif- 
ferential equation L,x(t) +f(t. x(t), x[g(t)]) = h(t) are established. Some 
illustrative examples are also included. c 1985 Academic Press, Inc. 
1. INTRODUCTION 
Consider the nth order nonlinear functional differential equation 
Lx(t) +f(t, 4th -dig(t = 4th (1) 
where L,x(t)=x(t), Lkx(t)=uk(t)(Lk-,x(t))‘, k= 1, 2,..., n a,(t)= 1, 
(’ = d/dt) ai, g, h: [to, co) -+ R and J [t,,, co) x R2 + R are continuous, 
ai( t) > 0 for i = 1, 2 ,..., n - 1 and g(t) + cc as t -+ co. 
The domain D(L,) of L, is defined to be the set of all functions 
x: [to, co) + R such that L,x(t), 0 <j < n, exist and are continuous on 
[to, cc ). By a solution of (1) we mean a function x E D(L,) which satisfies 
(1) on [to, co). A nontrivial solution of (1) is called oscillatory ifthe set of 
its zeros is unbounded and it is nonoscillatory otherwise. 
In what follows we are primarily interested in obtaining conditions 
which ensure that certain type of solutions of (1) are nonoscillatory. Con- 
ditions which guarantee that oscillatory solutions of (1) with the property 
that L, x(t) -+ 0 as t + co, k = 0, l,..., H - 1 are given. 
The desired results are extablished in Section 2. These results generalize 
and improve some of the results of Graef, Kitamura, Kusano, Onose and 
Spikes [ 1 ] for the parlticular equation 
(a(t) x’(t))’ =f(tt x(t), xCg(f)l)> 
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and of Kusano and Onose [2,3] for the equation 
(a(t) x’(t))’ + q(t)f(xCdt)l) = h(t). 
In Section 3 we apply these results to the functional equation 
Lx(t) + q(t)f(xCdt)l) = h(t), (2) 
where q: [t,, cc) + R, f: R + R are continuous, L,, ai, i = 1,2 ,..., n - 1, g 
and h are as above, and obtain necessary and sufficient conditions o that 
all oscillatory solutions of (2) converge to zero as t -+ 00. 
We assume that the functionfsatislies an estimate of the form 
MC x, Y)l 6 J-(6 I-4, IYI h (3) 
where F: [to, co) x R$ + R + is continuous and such that 
F(t, Ul, 0,) 6 FCC u2,u2) for 
0 < u1 G u2 and 0 < VI< v2. 
Some of the results which follow are concerned with those solutions of 
(1) which satisfy growth estimates of the form 
Ix(t)1 = O(m(t)) as t+co, (4) 
where m: [to, co) + R is continuous and positive. 
2. MAIN RESULTS 
THEOREM 1. Suppose that 
and 
Ih(s)I dsds,-l..*ds, < co, (6) 
for all c > 0. Zf x(t) is an oscillatory solution f (1) satisfving (4), then 
LkX(t) + 0 as t + co, k = 0, 1, 2 )...) n - 1. 
409/109/2-15 
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ProoJ Let x(t) be an oscillatory solution of (1) satisfying (4), then 
Ix(t)1 <cm(t), I-M~)ll GcmCg(t)l 
forallt>t,>t,andsomec>O. 
Since x(t) is oscillatory, Lkx(t) is oscillatory for k = 1, 2,..., n - 1. Let 
( t, >z=, be a sequence of consecutive zeros of L,- ,x(t) and 
p, E (t,, t,+ r) be such that 
Integrating (1) from t, to pm we obtain 
which gives 
cm(s), cm[ g(s)]) ds + jBm Ih( ds. 
hn 
Now summing on m we have 
mt, lL~~Ix(/l,)ldj~F(s.cm(s),cmlg(s)l)ds+j~Ih(.s)lds<;u. 11 11 
Consequently lim, _ ~ L, ~, x(pm) = 0, which implies that L,- 1x(t) -+ 0 as t-+cO. 
Integrating (1) from t to cc we have 
L ,x(t) =j”f.(s, x(s), x[g(s)l) ds- ja, h(s  ds. 
f f 
(7) 
Now we shall prove that lim, _ o. L,- *x(t) = 0. Let { bh}z= r be a sequence 
of consecutive zeros of L,, ~zx( t) and PI, E (th, th + , ) be such that 
Integrating (7) from tk to fib we obtain 
Ln-zx(&,,)= -j”“+%. x(s), x[g(s)]) dsdt 
c Ll(t) I 
- ~ 
s 
Bin 1 
r, an-,(t) s 
m h(s) ds dt, 
f 
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which implies 
IL-zwn)I $-& r:; F(s, cm(s), cm[g(s)])dsdt 
Ih(s)l dsdt. 
Summing on m we get 
mtl IL,-~x(k)l gjty&,” F(s, cm(s), cm[g(s)l) ds 
n 1 f 
+ 1,” i+) r/h(s)1 dsdt < a3. n 1 
Therefore L,- 2~(f) + 0 as t -+ 00. Integrating (7) from t to co we get 
I 
00 1 
+ 
an- lb,- 1) I 
m h(s)dsds,p,. 
f s,-, 
Continuing this process we deduce that Lkx(t) +O as t + co, 
k = 0, l,..., n - 1. This completes the proof of the theorem. 
The following results are immediate consequence of Theorem 1; hence we 
omit the proofs. 
THEOREM 2. Assume that 
I cc 1 -ds< co, a;(s) i = 1, 2 ,..., n - 1, 
i” f’(s, cm(s), cmC&)l) ds < ~0 (9) 
s m Ih( ds< 00, (10) 
for all c > 0. Zf x(t) is an oscillatory solution of(1) satisfying (4), then 
L,x(t)-+Oas t+co, k=O, l,..., n-l. 
COROLLARY 1. Let in Theorem 2 the condition (10) be replaced by
h(t)lF(t, cm(t), cmCdt)l) is bounded, 
for aN c > 0, t > t,, (10’) 
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then the conclusion of Theorem 2 holds, provided that F(t, cm(t), 
cm[g(t)])>Ofor tat,. 
THEOREM 3. Assume that 
a;(t)>0 or a,(t)>a>O for i= 1,2 ,..., n- 1, 
a2 
snPIF(s, cm(s), cm[g(s)J)ds< GO, 
(11) 
(12) 
s c1: S n-’ Ih( ds< oo, (13) 
for all c > 0. If x(t) is an oscillatory solution of (1) satisfying (4), then 
L,x(t)+Oas t-+co, k=O,l,..., n-l. 
COROLLARY 2. Let in Theorem 3, the condition (13) be replaced by (lo)‘, 
then the conclusion of Theorem 3 hold. 
COROLLARY 3. In addition to (8) and (lo), let condition (5) (or (9) or 
(12)) hold with m(t) = K for every constant K, then every bounded solution 
x(t) of (1) has the property that Lkx(t) + 0 as t -+ co, k = 0, l,..., n - 1. 
Remarks. 1. If n = 2, h = 0, then Theorem 1 and Corollary 2 in [ 1 ] 
are included in our Theorem 1 and Corollary 3, respectively. 
2. Ifn=2andf(t,x,y)=q(t)f(x)orq(t)f(y), thenTheorem and4 
in [2] are included in our Corollary 3. 
For illustration we consider the following examples. In Examples 1, 2 
and 3 we choose ai so that j” [l/a,(s)] ds = co, i = 1,2,..., n - 1, and Exam- 
ple 4 concerns with the case when s” [l/a,(s)] ds < co, i= 1, 2,..., n - 1. The 
last two examples deal with the case when j” [l/a,(s)] ds < co for some i 
and i” [l/a,(s)] ds= co for others, i= 1, 2 ,..., n - 1. 
EXAMPLE 1. Consider the equations 
-Lx(t) +A x*Cdt)l =& sin”Un t) 
+ (-4)” . t2 sm(ln t), ci > 0, t > 0, (El) 
and 
L-2x(t)+f x”lg(r)l =&sWln t) 
+ (-l)“(2)“-’ cos(ln t) 
t2 > c( > 0, t > 0, (W 
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where L,x( t) = x(t), L,x( t) = t(Lk _ ix(t))’ for k = 1,2,..., 4n g(t) > 0 for 
tat,>0 andg(t)-+cc as t-co. 
It is easy to check that the hypotheses of Theorem 1 are satisfied for 
m(t) = K for every K> 0. Thus every bounded oscillatory solution x(t) of 
(E,) or (E2) has the property that &x(t) 40 as t + co, k=O, l,..., m
where m = 4n - 1 for (E,) and m = 4n - 3 for (E2). One such solution of 
(E,) and (E,) is x(t) = (l/t) sin(ln t). 
EXAMPLE 2. Consider the equation 
L,,x(r)+;tix(t)=isin(lnr) 
+ ( - 1)” f sin(ln t), t > 0, (E,) 
where Lk is as in Example 1. Equation (E,) has a solution 
x(t) = sin(ln t) + 0 as t + co. Only condition (6) is violated. 
EXAMPLE 3. Consider the equation 
x(4) + f_ x1/3 - 
t5 
- + [ -40 cos(ln t) - 10 sin(ln t) 
+ tP”3 sinli3(ln t)], t > 0. (E4) 
One can easily verify that the hypotheses of Theorem 3 for m(t) = K, for 
every K > 0 are satisfied and hence all bounded oscillatory solutions of (E4) 
converge to zero as t --+ co. We may note that one of the solutions of (E4) is 
x(t) = ( l/t) sin(ln t). 
EXAMPLE 4. Consider the equation 
(t2(t2(t2x’)‘)‘)’ +;tix”[g(t)] = f & sin”(ln t) +T sin(ln t) 
- T cos(ln t), u > 0, 
where g(t) as in Example 1. One can easily check that the hypotheses of 
Theorem 2 and Corollary 1 are satisfied for m(t) = K for every K > 0, and 
that x(t) = (l/t’) sin(ln t) is one such solution of (E,) satisfying the con- 
clusion of Theorem 2. 
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EXAMPLE 5. Consider the equation 
(eP’(e’x.).).+ePrx(t)=2(eP’+e-*‘)sin t.
Equation (E,) has a solution 
x(t)=e-‘sin t-+0 as t-+m, 
L,x(t)=sint-cost+Oas t-+co, 
L,x(t) = eC’(e’x’)’ + 0 as t-co. 
Only condition (6) is violated. 
EXAMPLE 6. Consider the equation 
(e’(epr(e’x’)‘)‘). + eC’xa[ g(t)] 
= -6e-‘cos t+e-‘-*‘g(‘)sinag(t), a > 0, (ET) 
where g(t) as in Example 1. All conditions of Theorem 1 are satisfied for 
m(t) = K for every K> 0. Equation (ET) has an oscillatory solution 
x(t)=e-*‘sin t. 
Remark. We believe that the above conclusions are not deducible from 
other known criteria. 
THEOREM 4. Let conditions (5) and (6) hold. 
If there exists a c0 > 0 such that either 
lim inf 
,--tn3 s 
i [h(s) - F(s, cO, co)] ds > 0 (14) 
or 
lim sup 
s 
1 [h(s) + F(s, c,,, c,,)] ds < 0 (15 r-m 1 
for all large T, then any solution x(t) of (1) satisfying (4) is nonoscillatory 
ProoJ Let x(t) be an oscillatory solution of (1) satisfying (4). Then by 
Theorem 1, L,x( t) + 0 as t -+ co, k = 0, l,..., n - 1. Thus there exists T 2 to 
such that L,-,x(T)=O, Ix(t)1 <c, and jx[g(t)]l <c, for all t2 T. Hence 
If(t, 4th xCg(t)l)l G 1F(t, co> co). 
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It follows from the above inequality that 
h(t) - F(t, co, co) G h(t) -“of, x(t), x[Ig(t)l) 6 h(f) + F(t, co, co) 
for f > T. Thus 
h(t) - F(t, co, co) <Lx(t) <h(t) + F(t, co, co). (16) 
Integrating (16) form T to t we obtain 
I ’ T 
[h(s) - F(s, co, co)] ds < L,- ,x(t) < j-i [h(s) + F(s, co, co)] ds. 
Hence if either (14) or (15) holds, x(t) cannot have arbitrarily arge zeros. 
Which leads to a contradiction, and the proof of the theorem is complete. 
COROLLARY 4. Let conditions (5) hold. Assume, moreover, that either 
h(t) > 0 and (14) holds or h(t) d 0 and (15) holds. Then any solution x(t) of 
(1) satisfying (4) is nonoscillatory. 
EXAMPLE 7. Consider the equation 
L,,x(t)+$x(t)= l++ In t+n, [ 1 t > 0, (E,) 
where Lk is as in Example 1. All conditions of Corollary 4 are satisfied for 
m(t) = tk, k = 0, 1, 2, 3. We may note that Eq. (Es) has a nonoscillatory 
solution x(t) = t In t. 
In our next theorems the following sublinearity type condition will be 
used: there exists a continuous function H: [to, co) + R such that 
lim sup F(t’ ” ‘) < H(t). (17) u-m U 
us0 
THEOREM 5. In addition to conditions (3) and (17), assume that con- 
ditions (5) and (6) hold with m(t) = K for any K > 0, 
and 
s(t)Gt (18) 
Then any oscillatory solution x(t) of (1) has the property that 
L,x(t)+O as t-,cO, k = 0, 1 ,..., n - 1. 
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Proof. First we will show that all oscillatory solutions of (1) are boun- 
ded. Suppose that x(t) is an oscillatory solution of (1) and 
lim sup Ix(t)! = co. 
r-cc 
Then there exists a sequence of intervals {(a,, /Im)}g= 1 such that 
lim, _ 5o a,=lim,,,p,= ~0, x(a,) = x(L) = 0, Ix(t)l >O on (a,, Pm) 
and M,=max(Jx(t)( It6Bm}=max{lx(t)l la,dt<fiP,} and AI, 
increases to cc as m-co with M,>K. Choose P,<P,< ... <P,-, as 
zeros of Z+(t), k = 1, 2 ,..., n - 1, respectively, and 8, < P, _, . Now we let 
rmE(a,,/?m) such that Ix(t,)l =M,. Let M:,=max{(x(t)( lr<P,- 11. 
Now we integrate (1) n-times to obtain 
Using condition (17) we obtain 
The right hand side of (20) tends to zero as nt + cc which is a contradic- 
tion. Hence x(t) is bounded and the conclusion of the theorem follows from 
Corollary 3. 
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THEOREM 6. Let the hypotheses ofTheorem 5 hold. If” either (14) or (15) 
holds, then all solutions of (1) are nonoscillatory. 
Proof: Let x(t) be an oscillatory solution of (1). By Theorem 5 
L,x(t)+O as t-03, k=O,l,..., n-l. 
Proceeding as in the proof of Theorem 4 we obtain a contradiction. 
COROLLARY 5. Let the hypotheses ofTheorem 6 hold except condition 
(5). Assume, moreover, that either h(t) > 0 and (14) holds or h(t) < 0 and 
(15) holds. Then all solutions of (1) are nonoscillatory. 
Remarks. 1. Theorems 2 and 5 in [2] are included in our Theorem 5, 
and the main result in [3] is included in our Corollary 5. 
2. Theorem 5 is applicable to Eqs. (E,), (E2), (Ed), (E,) and (ET) 
with tl E (0, l] and g(t) < t and hence we conclude that all oscillatory 
solutions of these equations have the property that L,x( t) -+ 0 as t + co, 
k = 0, l,..., n - 1. 
3. SOME APPLICATIONS 
We will now apply the results in the previous section to Eq. (2) 
Lx(t) + dt)f bMt)l) = h(t) (2) 
and obtain necessary and sufficient conditions so that all oscillatory 
solutions of (2) approach zero as t + co. 
We assume that 
If(x)IG h w ere I;, is positive, continuous, monotone 
non-decreasing, F(xy) < F(x) F(y), x, y > 0, F(0) = 0 and 
r du I- ro F(u) + co as r+M, r 2 r0 > 0, (21) 
O<g(t)<t and g(t) -+ CQ as t-03 (22) 
THEOREM 7. Suppose that condition (11) holds, and 
i cm F(s”-‘) Iq(s)l ds< oo, jrn Ih( ds < ccl. (23) 
Let x(t) be a solution f(2). Then Ix[g(t)]l =0(f-‘) as t --) 00. 
532 GRACE AND LALLI 
Proof: The proof of Theorem 7 can be modelled on that of Theorem 3.1 
in [4] and hence is omitted. 
THEOREM 8. Suppose q(t) > 0 and 
I 
3c 
s n- ‘F(s”- ‘) q(s) ds < CC for t>tO. (24) 
Further suppose that h(t)/F(Y ‘) q(t) approaches a limit as t + GO. Then a 
necessary and sufficient condition for all oscillatory solutions of (2) to 
approach zero as t --) CC is that 
h(t) 
,‘FcL F(t”-1) q(t) 
= 0. 
Proof The proof is an adaptation of argument developed by Singh [4]. 
(Sufficiency). Suppose (25) holds. Then t”-’ [h(t)1 < t”-‘F(t”-‘) q(t) for 
sufficiently large t. Since j” sn-‘F(snpl) q(s) ds < co, we have 
S” f-l Ih( ds < ~0, and the conclusion follows by Theorem 3. 
(Necessity). Let x(t) be an oscillatory solution of (2) such that 
lim,,, x(t) = 0. Suppose that 
Ih( 
F(t”-‘)4(t) 
ay>o. 
Dividing (2) by F(t”-‘) q(t) and taking the limit as t -+ co, we find that 
&x(t) has one sign for sufficiently large t. This forces x(t) to eventually 
assume a constant sign, which is a contradiction. 
THEOREM 9. Suppose 
1 
a,(t)aa>O, i= 1,2 ,..., n- 1, -=o & 
a,(t) ( 1 
for some y E [0, 1 ), (26) 
and 
s 
cc 
Is( ds< ~0, I m [h(s)1 ds< co, (27) 
then all oscillatory solutions of (2) are bounded. 
Proof The proof of Theorem 8 can be modelled on that of Lemma 2.1 
in [S] and hence is omitted. 
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THEOREM 10. Suppose q(t) > 0 for t 2 t,,, and j” s”-‘q(s) ds < co. 
Further, suppose that h(t)/q(t) approaches a limit as t + cg. Then a 
necessary and sufficient condition for all oscillatory solutions of (2) to 
approach zero as t -+ 00 is that 
lim h(r)=0 
t-cc q(t) . 
Proof. The proof is similar to that of Theorem 8 and is omitted. 
Remark. It is easy to check that our conditions off are weaker than 
those in [4, 51. For illutration we consider the Eq. (Ed), where f (x) = x113, 
g(t) = t and q(t) = t-‘. Condition 9 in [4] fails to apply while our con- 
dition (24) does. 
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